7 Control of Redundant Manipulators

A manipulator is said to have redundancy if it has more degrees of freedom
than are necessary to perform a given task. In this chapter, after a discussion
about the advantages and disadvantages of redundant manipulators, a
method of actively utilizing such redundancy will be given. This method
wilil be applied to avoiding obstacles and avoiding singular configurations,
and a numerical calculation method that is effective in the above approach
will be described.

7.1 Redundant Manipulators

A human arm can be considered to have seven degrees of freedom. A hand
requires a total of six degrees of freedom {three to hold an object at a certain
position in space, and three more to orient it); therefore, the human arm
has one redundant degree of freedom for this fundamental task of posi-
tioning and orienting the grasped object. This explains why we can move
the elbow freely while grasping an object steadily in a certain position and
orientation. This excess degree of freedom is the redundancy, and it gives
the human arm great versatility and broad applicability.

The same argument applies to manipulators. Since six degrees of freedom
are enough for full position and orientation control of an end effector, a
manipulator with seven degrees of freedom can be said to be redundant.
Even manipulators with six or fewer degrees of freedom are often regarded
to have redundancy because the particular task to be performed requires
fewer degrees of freedom than the manipulator has available. This is one
of the main reasons why we need to consider the issue of redundancy.

What are the advantages of redundant manipulators? Generally sepak-
ing, as in the case of the human arm, they excel in versatility and applic-
ability. More specifically, they have the potential to avoid singularities,
avoid obstacles, avoid structual limitations (e.g., angle limits of a rotational
joint), carry out reasonable actions (e.g., low-energy-consuming motion,
balanced motion among individual joint velocities, balanced configuration
among joint driving forces), reach behind an object, crawl into concaves,
and so on. Redundancy can also be used to make a manipulator more
reliable in the sense that it can perform certain tasks even after a failure of
some joints. This is important in certain application fields, such as space
and the deep sea.

Of course, redundant manipulators have disadvantages too. They have
more joints and actuators. Their structure is more complex, buikicr, and
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heavier. More complicated control algorithms are required, so the amount
of necessary computation increases. Redundant manipulators will not be
truly beneficial unless these disadvantages are offset by some advantages.

7.2 Task-Decomposition Approach

7.2.1 Decomposing a Task into Subtasks with Priority Order*-?

Most complicated tasks given to a manipulator can be formulated in such
a way that the task is broken down into several subtasks with a priority
order. Each subtask is performed using the degrees of freedom that remain
after all the subtasks with higher priority have been implemented. A weld-
ing task, for instance, might be broken down into hand-position control
and hand-orientation contrel, with hand positioning given first priority. A
task of tracking a trajectory through a workspace with obstacles might be
decomposed into controlling the position and orientation of the hand and
avoiding obstacles, with the former given first priority. It is obvious that
control problems of redundant manipulators can be approached via the
subtask method by regarding a task to be done by a redundant manipulator
as the subtask with first priority and regarding the reason for using the
redundancy (singularity avoidance, joint limit avoidance, etc.) as the sub-
task with second priority.

We assume that each subtask is given in the form of cither a desired
trajectory of variables suitable for describing the subtask, or a certain
criterion. The first form is suitable when the operator can give a trajectory
that achieves the given subtask. The second form is used when the operator
does not know the actual desired trajectory but knows how to evaluate the
trajectory; for example, when the subtask is to keep the manipulator
configuration away from singularities or to keep the joint angles within
their limits, the configuration is evaluated using a criterion.

For case of explanation, the discussion will be limited to simple cases in
which the task is broken down into two subtasks and the first subtask is
given in the form of a desired trajectory.

7.2.2 Basic Equations

Consider a manipulator with n degrees of freedom. The joint variable of
the ith joint is g; (i = 1,2,...,n). The manipulator configuration is denoted
by the vector q = [qi sd25---5 q'l] T'
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Assume that the first subtask can be described properly by an m;,-
dimensional vector, y,, which is a function of g:

¥ =fi(a) 7.1

Assume also that the desired trajectory for y, is given: », @) (0 =t = £ t;
is a terminal time). A vector (such as y,) which is suitable for describing a
manipulation task is called a manipulation vector.

For the second subtask, consider the following two cases:

Case 1 An m,-dimensional manipulation vector y, is given by

¥ = (@), (7.2)

and the second subtask is specified by the desired trajectory y,4(f)
O=t=¢)fory,.
Case 2 A criterion function

p=Vg (7.3)

is given, and the second subtask is to keep this criterion as large as possibie.

The problem we consider is first to obtain the joint velocity that achieves
the first subtask of realizing y, = »,4 and then, if there is any ability left,
to perform as much of the second subtask as possible at each time instant.
The dynamics of the manipulator are not considered; that is, the problem
is treated as purely kinematic. It is possible to formulate the problem in
both case 1 and case 2 as an instantaneous optimal control probiem in a
mathematically more rigorous way, as we will do in subsection 7.2.5;
however, we will first solve the problem in a rather heuristic way.

. The general solution of the joint velocity that performs the first subtask
will be given. Differentiating equation 7.1 with respect to time yields

v»o=Ad (7.4)

where J; = df;(q)/dq” (j = 1,2) is the Jacobian matrix of y; with respect to
g. When the desired trajectory y, 4 is given, from equation A2.22 in appendix
2, the general solution for g of equation 7.4 is

§=J " Pra + A — 57" Tk, (7.5)

where k, is an n-dimensional arbitrary constant vector.? The first term on
the right-hand side of equation 7.5 is the joint velocity to achieve the desired
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trajectory, ¥, 4(f). When there are multiple solutions for ¢ satisfying equa-
tion 7.4, this term gives a solution that minimizes i|¢||, the Euclidean norm
of ¢. Also, even when there is no solution that satisfies equation 7.4, this
term provides an approximate solution that minimizes the norm || y;q —
J, ¢ll, which is a kind of measure for approximation error. The second term
on the right-hand side of equation 7.5 represents the redundancy left after
performing the first subtask. Equation 7.5 is the basic equation for using a
redundancy.

7.2.3 Second Subtask Given by Desired Trajectory

In this subsection we will consider case 1, where the second subtask is
specified by the desired trajectory y,4(t) of the manipulation variable y,.
What we have to do is select &k, in equation 7.5 so as to realize y,, as closely
as possible. Differentiating equation 7.2, we have

¥y, = 1.4 - (7.6}
Substituting y, = ¥,4 and equation 7.5 into 7.6, we obtain
Y2a — sz1+J:’1.d = -’rz(I - Jl+ J1)k1- a.mn

Letting J, = Jo(I — J,* J,) and using equation A2.22, we obtain from
equation 7.7

kg =Dt (P25 — ST Pra) + (1 — It )k, (7.8)

where k, is an n-dimensional arbitrary constant vector. Note that the
relation

a—Ja5" Jl)'72+ = j2+ a9
holds (see ref. 4 and exercise 7.1). Therefore, from equations 7.5, 7.8, and 7.9,
Ga=J ¥4+ ‘72+(j’2d — LS ¥+ (0 — JoN — ]2+ jz)kz (7.10a)

is the desired joint velocity that first realizes trajectory y,, and then realizes
¥aq as closely as possible using the remaining redundancy.

If (I — J,*J, — J,* J,) is not zero, then some further redundancy is still
left to perform a third subtask. When y, = ¢ (that is, when the second
subtask provides the desired trajectory of the whole arm configuration),
since J, = I we have

L =0 — 57Ty =0 —J ).
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Hence, equation 7.10a simplifies to
Ga=J" V0 + A~ I T)P2, (7.10b)

in which the term with &k, disappears.

‘When the servo loop of each joint axis functions perfectly to produce the
desired joint velocity, y,4(¢) is followed exactly. Some deviation often
occurs, however, between the desired subtask trajectory p,4(f) and the
actually realized trajectory y,{t), because of the insufficient number of
remaining degrees of freedom. One way to cope with such a situation is to
modify the desired velocity p,, to take the deviation into consideration.
For example, we can define the modified velocity y,.* by

Y2a* = Pra + Hy(¥2a — ¥2), (7.11)

where H, is an appropriate diagonal gain matrix, and then replace ¥, in
equation 7.10a or 7.10b with y,,*.

7.2.4 Second Subtask Given by Criterion Function

In this subsection we wiil consider case 2, where the second subtask is
specified by a criterion function. As in case 1, we select the value &, in
equation 7.5 so as to make the criterion p given by equation 7.3 as large as
possible. One natural approach is to determine &k, by the following equa-
tions (ref. 3):

ki, =&k, (7.12)
& =[¢.85.....8.0% ' (7.13)
& = oVi{gq)/oq,. 7.19)

where &, is an appropriate positive constant. The desired joint velocity, g4,
is given by

Ga=J1 " Pra + A — Iy 0)EE,. (7.15)
Hence, we have
P=E"p g+ ETA — I VT )Ek,. (7.16)

Since (I — J, 7 J,) is nonnegative definite, the second term on the right-hand
side of equation 7.16 is always nonnegative, causing the value of criterion
p to increase.’®
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Mathematically, the vector k; of equation 7.12 is the stecpest gradient
vector of the function V(g); the vector (I — J,* J, )&k, corresponds to the
orthogonal projection of k, on the null space of J,. The constant k, is
chosen so as to make p increase as quickly as possible under the condition
that ¢4 does not become excessively large.

7.2.5 Formulation as Instantaneous OQptimization Problem

The problem formuiation in subsection 7.2.2 and the solutions in subsec-
tions 7.2.3 and 7.2.4 are rather intuitive. In this subsection it is shown that
these results can be obtained as the rigorous solutions to some instantane-
ous optimization problems by adopting an appropriate criterion function
for the second subtask.

For case 1, let the criterion function for the second subtask be

Pi = |P2qa — ¥o + Ho(¥2a — ¥2)I- (7.17)

The optimal solution, which minimizes equation 7.17 at each time instant
under the constraint 7.5, is given by equations 7.10a and 7.11.

For case 2, using the original criterion ¥{(g) of equation 7.3, let the
criterion function for the second subtask be

avig

L= — 2l (7.18)

P2=kp

The optimal solution maximizing equation 7.18 at each time instant under
the constraint 7.5 is given by equation 7.15. The first term of equation 7.18
attempts to increase the original criterion; the second term tries to minimize
the difference between ¢ and the minimal norm solution J, * y, 4 of the first
subtask. The coefficient k, represents the weight of importance of the first
effort compared to the second effort. )

7.3 Application to Avoiding Obstacles and Singularities

7.3.1 Ai'oiding Obstacles

Consider the three-link manipulator shown in figure 7.1, which moves in
the XY plane. The required task is to make the end effector follow a
desired trajectory while avoiding collisions with the obstacle shown as the
hatched area in the figure. We will solve this problem of avoiding the
obstacle as an example of case 1 (see refl. 2).
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Figure 7.1
Three-link manipulator.

The link lengths are {, = I, = 1 and I; = 0.3, and there is no hardware
limit on the rotation of any joint. At the beginning of the task, the initial
configuration at time ¢ = O is given by

70 = [20°,30°,20°]7,
which corresponds to
Fo = [Xo>¥0]” =[1.69,1.39] T,

The end effector is required to move from initial position r, to final position
re = [%0,017 by time ¢ = 1, along a straight line parallel to the Y axis. At
the same time, the manipulator should avoid colliding with the hatched
obstacle zone. This task is divided into a first subtask (moving along the
desired trajectory) and a second subtask (avoiding the obstacle).

For the manipulation variable y, of the first subtask, we use the end-
effector position r:

LG+ 1,C + 13C,

= : 7.19

e I:Ilsi + 15812 + 138425 ( )

Hence, the Jacobian matrix J, is given by

J1 — _llsl - IZSIZ - 138123 '_-12812 - 133123 _l38123]_ (7.20)
LG + LGy + 153G, 1C12 + 13C 23 I3C 25

-.q.d=-,1+|: g
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Figure 7.2
Obstacle and reference configuration taught for obstacle avoidance.

If we choose the desired trajectory using equation 5.7, then we have

X0
1) = , 0=r=1. 7.21
Pty [yo -G- 2r)r2yo] == 721)

For the second subtask, we assume that a constant reference arm con-
figuration, suitable for obstacle avoidance, has already been taught (say,
by a human operator). Hence, the second subtask can be specified as trying
to come as close to this configuration as possible. This means that the

- manipulation variable y, for the second subtask is given by the joint vector

g. We assume that the reference arm configuration that plays the role of
the desired trajectory for the second subtask has been given as

45°
Yza = | —70° |. (7.22)
0°

This reference configuration for collision avoidance is shown in figure 7.2,
Now that we have defined our terms, from equations 7.10b and 7.11 the
desired joint velocity §, is given by

] + (I3 — Jx_+ JOVH(p2a — V2) (7.23)

—6(1 — )y,



252 Chapter 7

0.6

£0.8

1.0 X

{a)

Ya
=0
0.2
1 -
0.4
0.6
! 0.8
[ * 1.0
Obstacle/ X
i
(b)
Figure 7.3

Simulation of obstacle avoidance. {a) Without using redundancy (H, = 0). (b} Using
redundancy (H, = 0.21,).
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(The second term on the right hand side of this equation is needed because
of the inconsistency between y,4 and y, 4(£).)

The simulation results shown in figure 7.3 were obtained by assuming
that the desired joint velocity of equation 7.23 occurs perfectly. Figure 7.3a
depicts the case when H, = 0, so ¢ has been chosen to minimize |§|,
ignoring the obstacle avoidance. Figure 7.3b depicts the case when H, =
0.21, (that is, when the redundancy is utilized). It is clear from the figure
that collision with the obstacle has been avoided by the use of redundancy
in the simulated case.

The above example treated a very simple obstacle. This approach to
avoiding obstacles could also be adopted to cope with more complicated
obstacles or time-varying obstacles by using several reference configura-
tions taught beforechand and switching them in turn.

Another approach is to define a criterion function to express the pro-
ximity between the manipulator and obstacles® and to make it the criterion
for the second subtask (ref. 2). This approach does not need any reference
configuration, although it requires detailed information about the obstacles
and a large amount of calcuiation.

7.3.2 Avoiding Singularities

As an example of case 2, where the second subtask is specified by a criterion
function, let us consider the problem of making the end effector track
a desired trajectory while avoiding singular configurations as much as
possible (ref. 5).

A manipulator generally has certain configurations in which it can no
longer move its end effector to change position or orientation in certain
directions. These configurations are called singular configurations, as was
discussed in subsection 2.5.6. It is undesirable not only for a manipulator
to fall into such a singular configuration but also for it even to come close
to one. Some joint velocities would become excessively large trying to
maintain the desired trajectory. The manipulability measure was discussed
in section 4.2 as a quantitative measure of the capability of a manipulator
to move its end effector frecly in any direction. This measure can also be
regarded as an index of the distance from singuiar configurations. Hence,
the manipulability measure can be used as the criterion when the second
subtask is the avoidance of singularities.

Consider the same three-link manipulator as in the preceding subsection.
The end-effector position r is again taken as the first manipulation variable,
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¥a ¥,. The manipulability measure for r is taken as the criterion for the second
subtask. Hence, using equation 4.8 and the Jacobian matrix J, of equation
7.20, we have

V{g) = /detd, J.T.

Therefore, &; of equation 7.14 is given by

= %\/ detZ, /, 7 Z, ‘Iu(letJu -+ J1;1J11 ), 1=123 (7.24)

i, j=1

where g;; is the (i, j) element of the inverse matrix of (J,J, ), J;; is the ith
row vector of J,, and J,; is the partial differential coeflicient of J;; with
respect to ;. The vector & in equation 7.15 is obtained from equation 7.24.

Some results of computer simulation are shown in figure 7.4. The initial
configuration is g, — [180°, 170°, — 10°77, which corresponds to the end-
effector position vy = [x4,¥017 = [0.28,0.17]7. The desired trajectory is
given by

ost=1 7.2

-3 - 2:)::”(3;0 + 0. 1):| = = (725
which is a straight line parallel to the Y axis going from r; to the final
position r; = [xg, —0.1]7. Equation 7.25 is, again, obtained from equation
5.7. Figure 7.4a shows the change of arm configuration for thecase of k, = 0
in equation 7.15; that is, the case where the simple pseudo-inverse control

yia® = I:

L law is applied and no attempt is made to avoid singularity. Figure 7.4b is
Figure 7.4 for the case where k, = 20; the singularity is avoided by trying to keep the
Simulation of singularity aveidance. (a) Without using redund k, =10 U i ili 3 i .
redundancy (k, o 20y, g redundancy ( ). (b) Using manipulability measure large. Figure 7.5 shows the change of manipula
w
0.4} o
0.2
(a}
1] 1 1 | 1 i
0 0.2 0.4 0.6 0.8 1.0 ¢
Figure 7.5

Trajectories of manipulability measure. (a} Without using redundancy (&, = 0). (b} Using
redundancy (k, = 20).
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bility measure in cases a and b of figure 7.4. As can be seen from the figure,
the utilization of redundancy is quite effective in avoiding singularity.

7.4 Computational Method for Desired Joint Velocity

'One of the difficulties in applying the method described above is the large

amount of computation needed for obtaining the pseudo-inverse matrix.
In this section, we will develop an efficient computational method for
obtaining § satisfying

d=J"yy + (A —J*Dk, ' (7.26)
which corresponds to equation 7.5, for given values of J, ¥,, and k.

If the matrix (JJ7) is nonsingular, § can be obtained by the followmg
procedure”: First, obtain the solution « of

(I a = y, — Tk ' (7.27)

by an appropriate method for solving linear algebraic equations, such as
Gauss elimination. Then, calculate ¢ by

§=J"n + k. (7.28)

It is easy to check that g§ calculated this way is equal to § given by equanon
7.26, since J* = JY(JJIT) L,

At singular configurations, however, (JJ T) becomes singular and the
solution ¢ to equation 7.26 is not necessarily continuous with respect to
the elements of J. Because of the relationship of § to g through J, § is also
not necessarily continuous with respect to g. One way to cope with this
problem is to apply regularization, so that (JJ7) is replaced by (JJ T+ k)
near singularities.® Thus, in place of equation 7.27 we use

(JIT + kD = y, — Ik, (7.29)
whete k, is a scalar continuous function of ¢ that is positive near singulari-
ties and zero for other g. For example, using the manipulability measure
w = . /detJJT, k, can be assigned to be

k — {ko(1 — wiwg)?, w < w

B T (7.30)

where k, and w, are appropriate positive constants. The parameter ko
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specifies the magnitude of regularization, and w, represents the threshold
separating the vicinity of singularities from the other region.

Exercises

7.1 Show that the equality B(CB)" = (CB)" holids for any n x n sym-
metric and idempotent matrix B (ie.,, BT = B and BB = B) and m x n
matrix C (ref. 4). Using this relation, prove equation 7.9.

7.2 Show that the solution that minimizes equation 7.17 at each instant
of time under the constraint 7.5 is given by equations 7.10a and 7.11.

7.3 Show that the solution that maximizes equation 7.18 at each instant
of time under the constraint 7.5 is given by equation 7.15.

7.4 Calculate ¢ from equation 7.26 when

0
J=1]2
1

Ll =1
[ B
b N

1
1

0

2 j’d= O) k= 1
1

1

Also calculate the same value using equations 7.27 and 7.28.

7.5 Show that § obtained from equation 7.28 using « calculated from
equation 7.29 is equal to ¢ minimizing

7§ — yalt® + ksllg — &I1>.

7.6 Decompose the task of writing letters on a sheet of paper with a
ballpoint pen into several subtasks with priority order, and state the
reasons for that decomposition. Do the same with the task of carrying a
cup full of liquid.

7.7 Assume that the three-link manipulator shown in figure 7.1 has the
following joint angle limits:

Bimin = Gi é Bimax’ i= 1;2,3-

Describe a formula for the desired joint velocity that makes the endpoint
of the manipulator follow a given desired trajectory while keeping the joint
angles within their limits as much as possibie.
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